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Cosmological Perturbations of Quantum
Mechanical Origin: Are Nonvacuum Initial
States Allowed?
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We address the question of whether nonvacuum initial states for cosmological
perturbations are alowed, or whether they are ruled out on the basis of present
experimental and observational data. Our choice of a nonvacuum initial state is
guided by the idea that the initial state could have a built-in characteristic scale.
We find that a class of initial states can fit the data; however, the initial states
must be close to the vacuum.

1. INTRODUCTION

Theinflationary paradigm was proposed in order to explain the shortcom-
ings of the Big Bang cosmological model. In addition, it offers a scenario
for the generation of the primordial density perturbations, which can lead to
the formation of the observed large-scale structure. Generic predictions of
simple inflationary models are a scale-invariant spectrum with, provided the
gquantum fields are initially placed in the vacuum, Gaussian fluctuations.

Indeed, it is amost [1] always assumed that the initial state of the
perturbations is the vacuum. Let us see whether this assumption can be
justified. The choice of theinitial quantum state in which the quantum fields
are place should be made on the basis of full quantum gravity. This theory
is at present unknown. One may select a “maximally symmetric state” [2]
asaninitia state of the universe. However, in the context of quantum gravity,
there exists a privileged scale, the Planck scale. Thus, we believe that there
is no theoretical proof for taking the vacuum as the initial state in which
quantum fields are placed. Consequently, we find [3] that it is worth studying

LInstitut des Hautes Etudes Scientifiques, 91440 Bures-sur-Yvette, France, and DARC, Observa-
toire de Paris, UPR 176 CNRS, 92195 Meudon Cedex, France; e-mail: mairi @ihes.fr

1841
0020-7748/00/0700-1841$18.00/0 © 2000 Plenum Publishing Corporation



1842 Sakellariadou

nonvacuum initial states for cosmological perturbations. Our choice of a
nonvacuum initial state is guided by the idea that the initial state could have
a built-in characteristic scale. Rather than relying on theoretical arguments,
we allow for the possibility of nonvacuum initial states and we examine [3]
whether the consequences for the cosmic microwave background radiation
(CMBR) anisotropies and the power spectrum of galaxies and cluster of
galaxiesarein conflict with the current data. Wewill find [3] that there existsa
window for thefree parameters of the model, which fitsthe observational data.

2. NONVACUUM INITIAL STATE FOR COSMOLOGICAL
PERTURBATIONS

2.1. Perturbations of Quantum Mechanical Origin

The background model is described by a Friedmann—Lemaitre—
Robertson—Walker (FLRW) metric whose spacelike sections areflat. Inflation
isdriven by asingle scalar field, ¢o(n). We introduce the background quanti-
ties #(m) = a'laand y(n) = 1 — (%Y%) (the primes denote the derivatives
with respect to conformal time m). In the synchronous gauge, the line el ement
for the FLRW background plus scalar perturbations reads [4]

ds? = a2 () {—dnz + [a” + (zﬂ—l)wj ok (h(n, k)3,
- —h'(E; k) kikj>eik‘x] o de} )

wherethe functions h, h, represent the scalar perturbations of the gravitational
field and the longitudinal —longitudinal perturbation, respectively. The pertur-
bations of the scalar field are Fourier decomposed according to

56(1. %) = oz J dk g, K)Ek™ @

The perturbed Einstein equations couple the scalar sector, h and h;, to the
perturbed scalar field ¢,. The residual gauge-invariant quantity w(m, k)
defined by [4]

h=—"
9y

can be used to express all other relevant quantities. In the synchronous
gauge, w(m, k) is related to the gauge-invariant Bardeen potential through
the equation [5]

(h" + %vh) 3)
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_dy(w)
v -5 @
The perturbed Einstein equations imply that the equation of motion for (v,
k) is[4]
" (a/y)’
M+[k2——u=0 (5)
@)

Sincethe origin of the perturbationsis quantum mechanical, the normalization
of the perturbed scalar field, and consequently of the scalar perturbations, is
completely fixed in the high-frequency regime. In this regime, the perturbed
field can be considered as afreefield in the curved FLRW background space-
time. The Fourier component operator of the perturbed field &.(m, k) in the
limitk - +oois

R \/% [ e ikm—mo) eik(nno):|
$1(m, k) a(m) Ck(Mo) \/ﬁ( ctk(no) \/ﬁ( (6)
In the high-frequency regime

klew ii(n, k) = —4,/wGa(n) k'ij ®1(n, k) (7
If we define
fi(n) = —4/m[(Fv)I(2A][Ed(@yy)'] ©)

where g(m) is the solution of the equation of motion for w such that
limy . .. & = e K0/ /2k wefind that the dimensionless Bardeen operator
®(m, X) reads [3]

- I 4 .
P, x) = (zﬁ—H)S,ZJ dk [Cu(mo)fm)e*™ + ci(no) fE(m)e™]  (9)

2.2. Quantum States

We specify the quantum state in which ®(v, x) is placed, under the
hypothesis that the perturbations are initially in a nonvacuum state. Our
choice of nonvacuum states is guided by the idea that one must introduce a
scale in the theory, denoted by the wave number k,. We examine three
different nonvacuum state [3].

Let % be the domain in momentum space between the spheres of radius
kg — o and ky + o. Since & is invariant under rotations, this definition is
compatible with the assumption of isotropy of the universe. The first state
we consider is [3]



1844 Sakellariadou

Wiko o) = ® |n) Q@ [0p) (10)
k e%(ko,0) P %(ko,o)
The state |n,) is an n-particle state satisfying, at m = Mo, G|n) = /n|(n —
1),y and cf|n) = /n + 1](n + 1),). Clearly, in the state | W) the transition
between the empty and the filled modesis sharp and therefore rather unphysi-
cal. Inorder to “smooth out” the quantum state | ¥,), weintroduce the function
g(o). We thus define the state [3]

Wk, 1) = J do0(0)| Wik, . 1) (12)

where, a priori, g(o) is an arbitrary function of o.
Finally we define a state that will alow us to work with an effective
number of quanta which will no longer be an integer. This state is [3]

Wk = 3, N el ) (12)

The function h(n) is arbitrary. The state |¥5(ko)), which depends on k, and
on the free parameters characterizing the functions g(o) and h(n), seems to
be the most natural rotational-invariant, smooth, quantum state that privileges
ascae.

2.3. Power Spectra

The power spectrum of (i)(n, X) in the state |¥), denoted by Pg(K;
|W)), is defined through the calculation of the two-point correlation function
Ka(r; [W)):

“dk sin kr
Kk kr

Ko(r; |P)) = J KPo(k; |W)) (13)

0

We calculate the power spectra of the Bardeen potential operator in the three
previoudy defined states | W), i = 1,2,3. For the state |¥,), we obtain [3]

kSP(I)(k;

|2
W) = 5 5K AL+ 20[HK— ko +0) — Hk— ko — 0)]}  (14)
where H is a Heaviside function. This spectrum is not continuous, due to

the very crude definition of the state |¥';). For the quantum state |W,), we
obtain [3]

|2
KPo(k; [W2)) = 575 K AL + 2ne(o™?) (15)

where n is an integer and 3, is a free parameter.
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Finaly, for the state |¥5), we get [3]

2
I

Py (k; [W3) = 55 K (1 + 2ngre ™) (16)

Here the effective number of quanta ny; is given by [3]

S0 njh(n)[?
Nett = = ~15 17
“ Sio I 0
The spectra of Egs. (15) and (16) possess a peak around the scale k,. The
position of the peak is controlled by the value of k, its width by X, and its

height by n or ng.
We need the primordia spectrum only for large wavelengths and in

this limit,

ICPs(K; |0)) = Agks™ 1 (18)
with
_ & Y(1 + B)?
As = 12 228+4 co(Bm)[2(B + 5/2) (19
where

Ns=28+5  am)=ln[""* (B= -2 (20)

The initial power spectrum for the Bardeen operator placed in the state | W)
reads [3]

KPg(k; [ W) = Akt Y(1 + 2ne k- ko?/?) (21)

If the state is |W3), we just have to replace the integer n with the real
number Ng;.

There is an interesting prediction of our model concerning the statistics
of the fluctuations. More precisely, in our model the four-point correlation
function shows deviations from Gaussianity. On the other hand, broken scale-
invariant spectra, where the privileged scale arises as a privileged energy in
the inflaton potential, lead to Gaussian fluctuations [6]. Recently, some non-
Gaussianity was detected [7—9] in the CMBR map. If it isindeed confirmed,
then broken scale-invariant models, our model, as well as standard inflation
are ruled out. However, if some non-Gaussianity is present in the CMBR at
the level of the four-point correlation function, then our model could account
for this.
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3. COMPARISON WITH OBSERVATIONS

Observations of the CMBR anisotropies and of the matter power spec-
trum will give the best values of k;, =, and n/ng. We take the following
values of the cosmological parameters: the Hubble parameter ish = 0.5, the
baryonic matter-density parameter is ), = 0.05, the density parameter ()
= 1 and, there is no significant reionization. We consider two models: (i)
the SCDM model with A-density parameter (1, = 0 and CDM-density
parameter (). = 0.95 and (ii) the ACDM model with 2, = 0.6, ), = 0.35.

The spectrum must be normalized, in other words, the value of Ag must
be determined. To do so, we use the value of Qysps ~ 18 WK measured by
the COBE satellite. In the large-wavel ength approximation, we have 8T/T ~
(1/3)®. The multipole can be written as [3]

9 J °° %( [iilk(mo — MLs]?ANgK™S (1 + 2ne k-] (22)

0

where j, is a spherical Bessel function of order |, and v, and m_ss denote
respectively the conformal times now and at the last scattering surface. For
a scale-invariant spectrum we obtain [3]

** du

: — (U—un) U2
, where | = L uz_m[IZ(u)]Ze (u—ug)</V

A — 9.4 x 10710
ST 1+ 24nl

(23)

As anext step, we must choose the three parameters ky, n, and 2. The power
spectrum seems[10] to contain large-amplitude features at the scale ~ 100h~*
Mpc, which corresponds to a wave number equal to 0.062h Mpc™*. Since
no other value for a privileged scale has been detected so far, we choose [3]

ko = 0.031 Mpc ! (24)

The exact value of X, as long as it is not too large, will not affect our
conclusions. In what follows, we consider [3]

> = 0.3k (25)

L et us discuss the matter power spectrum. The baryon power spectrum s
Opp 2 9(Q0) (e K)Z/S2

—2 = AT?(K) 5, —= K[1 + 2ne” k" k)7= 26

where T(k) is the transfer function and the coefficient A is obtained by
normalizing the spectrum to COBE data. This leads to
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Fig. 1. CMBR anisotropies for the SCDM model, with ng; ranging from 0 to 4 with a step of
1 (from the bottom to the top). Diamonds represent COBE data, squares the Saskatoon data,
and crosses the CAT data.

6m° Qmsrs 1 6.82 X 10°
5 T3 1+24n 1+ 24nl

A= (21y)* h=4 Mpc* (27)
where the Hubble radius | is equal to 3000h~ Mpc.

We plot the multipole moments and the power spectrum for different
values of n and/or ng;. The theoretical predictions for the multipole moments
and the power spectra are obtained using a Boltzmann code.

We consider the sum of the scalar plus the tensor contributions to the
CMBR anisotropies. In Figs. 1 and 2 we show the CMBR anisotropies and
the matter power spectrum for the SCDM model, including both scalar and
tensor contributions. In Figs. 3 and 4 we show the CMBR anisotropies and
the matter power spectrum for the ACDM model including both scalar and
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Fig. 2. Power spectrum for the SCDM model, with ng ranging from O to 4 with step of 1.
Diamonds represent the APM data, squares the velocity field measurements, and crosses the
data given by Einasto et al.
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Fig. 3. Same as Fig. 1, but for the ACDM model, with ng ranging from O to 4 with a step
of 1 (from the top to the bottom).

tensor contributions. Clearly, matter power spectrum datafavor ahigher value
of ng; than CMBR anisotropy data.

For both types of models, with and without a cosmological constant,
CMBR anisotropies measurements require [3] a higher value of ng than in
the case of an absence of tensor mode contribution. This is in agreement
with the matter power spectra.

4. CONCLUSIONS

We examined whether current experimental and observational dataallow
nonvacuum initial states for cosmological perturbations. Our choice of a
nonvacuum initial state was guided by the idea that the initial state could
have a built-in characteristic scale. We calculated the power spectra of the
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Fig. 4. Same as Fig. 2, but for the ACDM model, with ng ranging from O to 4 with a step
of 1 (from the top to the bottom).
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Bardeen potential and compared their theoretical predictions with the CMBR
anisotropy measurements and the redshift surveys of the distribution of
galaxies.

There exists awindow for the free parameters such that good agreement
between the data and the theoretical predictions is possible. However, to
account for the observations, the initial state cannot be too different from
the vacuum.

The generic predictions of our model are a high amplitude of the first
acoustic peak, a nontrivial feature in the matter power spectrum, and devia-
tions from Gaussianity in the CMBR map. More experimental and observa-
tional dataare needed to determinewhether our new class of model srepresents
a viable alternative to the standard theory.
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